ABSTRACT Linear power flow (LPF) is necessary for robust and fast centralized control of active distribution networks (ADNs). With penetration of distributed generators (DGs) into ADN, voltage-controlled nodes are becoming more common, to maintain a normal voltage profile in the distribution network. Existing three-phase LPF formulations under a rectangular coordinate system cannot cope with local voltagecontrolled nodes, and does not consider multi-slack-node features of three-phase distribution network, detailed control characteristics and loss participation features of DGs. Here, a general three-phase LPF under a polar coordinate system is presented to address these issues. The proposed method can account for various connection ZIP loads, transformers, and single-phase or three-phase DGs. The detailed control model of the DGs and the distributed slack bus are taken into account. The effectiveness and advantages of the proposed method are validated with balanced 33, 70, 84, 119, and 874-node networks and modified IEEE 13, 34, 37, and 123 unbalanced networks.
I. INTRODUCTION A. MOTIVATION
Economic and ecological constraints limit the expansion of nonrenewable generation; thus, the penetration of distributed renewable generation, such as photovoltaic generators, into distribution networks has increased. Robust power flow is the cornerstone of modern distribution management systems, to accommodate large-scale distributed generators (DGs). Iterative power flow management is limited in speed and reliability for centralized optimization and control, and is, hence, unsuitable for real-time operation; this has led to an increasing number of studies of linear power flow (LPF) [1] . Furthermore, uncertainty power flow [2] , reliability analysis [3] , and network reconfiguration [4] also rely on accurate, adaptable and robust LPF.
B. RELATED WORK
Traditional distribution power flow methods can be categorized into two types: fixed point (FP) iteration and Newton-Raphson (NR) iteration. The backward/forward sweep method [5] , implicit Zbus methods [6] , and explicit Zbus methods, such as loop analysis method [7] , [8] , can be categorized as FP methods, while the current injection mismatch method (CIM) [9] and power injection mismatch method are NR methods, which are more promising for active distribution networks (ADNs) with penetration of large-scale DGs having voltage control ability.
As a traditional ZIP load model is not suitable for LPF under a rectangular coordinate system, a simple curve-fitting technique has been used to derive a ZIP load model under a rectangular coordinate system [10] . To ensure a global optimum, linear approximations for distribution networks without DGs are given in semidefinite relaxation formulation [11] . Assuming complex-valued perturbations around a nominal voltage, LPF can be obtained by neglecting quadratic terms [12] . An optimized linear model can be achieved with implicit linearization in a power flow manifold [13] . Unlike linearized power flow equations in real number fields, a ZIP linearization model can be obtained from a complex number field [14] . Single-phase linearization of power flow considering PQ and PV bus types is demonstrated in [15] ; however, the ZIP load and three-phases are not considered. A fixedpoint linearization based on an interpolation method between two load flow solutions [16] has been developed to reduce computational complexity. Reference [17] expands the above technique to adapt it for wye and ungrounded delta connection devices. To improve the accuracy of LPF, logarithmic transforms of voltage magnitudes have been utilized to provide an alternative LPF formulation [18] . Voltage-controlled nodes cannot be easily dealt with under rectangular coordinates [19] , in which constant voltage magnitude constraint is modeled with nonlinear constraints U 2 re +U 2 im = U 2 sp . Herein, subscript re, im denote real and imagine part of voltage U . U sp is the specified voltage magnitude. U 2 re + U 2 im = U 2 sp is difficult to be linearized with conventional assumption U ≈ 1 and branch voltage angle difference θ ij ≈ 0; therefore, LPF under polar coordinates is frequently applied [20] to cope with voltage-controlled nodes, which is easier than LPF under rectangular coordinates. Yang et al. applied linear power flow model in optimal power flow to incorporate reactive power and voltage magnitude [21] . Yuan et al. [22] presents linear power flow for balanced distribution network. The existing literatures applied θ ij ≈ 0 to obtain the linear model. This is accurate for single-phase one slack bus network but is not correct for three-phase network with at least three slack buses.
In general, the features of greatest importance for LPF are: 1) adopting three-phase models that can deal with ZIP load models;
2) the ability to deal with various device connections, including Yg and Delta; and 3) the ability to cope with voltage-controlled buses and consider the loss participation factor of DGs [23] .
Most existing LPF methods can meet only one requirement above; however, meeting all requirements is not addressed in the existing literature and warrants further study.
C. MAIN CONTRIBUTIONS
The main contributions of this paper are as follows:
1) three-phase slack buses, ZIP loads and a range of connections of three-phase devices are all taken into account.
2) In comparison to the work in [14] - [19] , voltagecontrolled nodes are considered, with prevailing penetration of DGs.
3) A distributed three-phase slack bus network model is applied and the loss participation factors of DGs are considered, to ensure more practical power flow results.
II. LINEAR POWER FLOW MODEL UNDER POLAR COORDINATES A. NETWORK MODEL
The fundamental equations used in this paper are:
where 
the multiplication of node voltage and (2) is linearized by:
The assumption θ i − θ j − θ ij,0 ≈ 0 is different from θ ij ≈ 0. For three-phase distribution network, assuming i and j are with respect to phase A and B. θ ij ≈ 0 is totally wrong for three-phase distribution network at this situation.
One bus in the distribution network has three phases, which indicate three nodes. Assuming there are n nodes in the power network, the node injection active power can be expressed by
Similarly, for reactive power, the node injection reactive power is
where i, j denote the node number; U and θ represent the voltage magnitude and the angle, respectively; and B and G denote the real and imaginary parts of the admittance matrix, respectively. Discussions: To demonstrate the principle of the proposed method, [24, method 1] , [18, method 2] , and the proposed method are implemented on a 3-bus network as illustrated in Fig. 1 . Bus 1 is a slack bus and its specified voltage is equal to 1 0. Bus 2 is a PQ bus with the load 0.3 + 0.3j. The specified voltage magnitude of bus 3 is 1. All the branch impedances are equal to 0.01 + 0.05j. θ 3 = 4 • and θ 3 = 10 • respectively. It can be seen that the proposed method has better accuracy with considering angle difference between the slack bus 1 and the slack bus 3. For a three-phase distribution network, this difference could be 120 • .
2) Preserved nonlinearity. Compared with [24] , assuming node i is the PQ node, the left side of (3) is linearized using 1/U ≈ 2 − U and considering a single phase
. The active power has a nonlinear relationship with U and θ , which will provide a better approximation for nonlinear PQ loads. One simple case is used to explain this, assuming bus 3 is a PV bus with P 3 = 0. The root mean square (RMS) error e = U 2 − U 2,true 2 + θ 2 − θ 2,true 2 /2 . The errors for the presented method, the existing method 1 and 2 with different values of r/x are illustrated in Fig.4 , and show that the proposed method is more accurate. Although the proposed method is mainly designed for three-phase distribution networks, it can also be extended to balanced or positive sequence networks. 3) Reference [18] uses
, with the logarithmic voltage. However, the straightforward voltage magnitude is used in this paper, simplifying the three-phase power flow analysis. A detailed comparison on the accuracy is provided in Section IV-A.
B. Y-CONNECTION ZIP LOAD
Unlike the Taylor series in [14] , which was derived in the complex number field, the Taylor series in the real number field for the reciprocal voltage magnitude use 1/U ≈ 2 − U . Based on this derivation, the injection active power can be expressed by
where a Y p , b Y p and c Y p denote the ZIP coefficients of the active power and k is the node number.
Similar derivations can be obtained for the injection reactive power:
where a Y q , b Y q and c Y q denote the ZIP coefficients of the reactive power.
C. DELTA-CONNECTION ZIP LOAD
Since the angular differences along distribution lines are very close to their initial angle differences, the line-to-line voltage can be approximated by the line-to-neutral voltage:
where the dotted variables denote complex values, φ 1 φ 2 ∈ {ab, bc, ca} represents the phase index, φ 10 and φ 20 denote the initial phase angle. In (9),U φ 1 φ 2 is approximated with φ 1 phase variables and it can also be approximated with φ 2 phase variables:
The Delta connection ZIP load can be approximated by
where
represent the ZIP coefficients of the active power load. Similar derivations can be obtained for the injection reactive power: where a D q ,b D q ,c D q represent the ZIP coefficients of the reactive power load. As depicted in Fig. 5 , the KCL current can be written asİ
Multiplying both sides of (13) by the respective complex node voltage then dividing by the node voltage magnitude
where * denotes the complex conjugate. The branch currentsİ * ab ,İ * bc ,İ * ca on the right side of (14) can be substituted with P φ 1 φ 2 + jQ φ 1 φ 2 /U φ 1 φ 2 , which can be represented by (11) and (12) . The node injection power on the left side of (14) can be substituted by (5) and (6); then, the Delta connection ZIP loads are described by linear equations.
All three-phase transformers can be regarded as consisting of three single-phase transformers. Based on whether or not they are grounded, there are three main types: Yg-Yg, Delta-Yg, and Delta-Delta. These types of transformer windings will be assessed in detail.
D. Yg-Yg CONNECTION TRANSFORMER WINDING
The branch current from i to j can be expressed aṡ
where t is the tap ratio of the transformer winding.
Substituting (15) , the linearization of the complex branch power is given bẏ
The Delta-Yg-type transformer winding is shown in Fig.7 . On the primary side, the linear branch complex power is given bẏ
Where U cos θ ij , U sin θ ij can be linearized with (3) and (4).
The complex powerṠ ji U j at node j can be obtained froṁ
Unlike the Yg connection winding, the Delta winding will contribute injection complex power at both sides i, j.
F. DELTA-DELTA CONNECTION TRANSFORMER WINDING
The Delta-Delta-type transformer winding is shown in Fig.8 . On the primary side, the branch complex power is given bẏ The secondary side can be expressed by replacing ij with kl in (18).
G. STEP-VOLTAGE REGULATOR AND CENTRE-TAPPED TRANSFORMER
A step-voltage regulator can be modeled as a transformer winding with small impedance, which is fixed to 10 −9 p.u. in this paper. Because double precision is utilized in LPF, the small impedance branch will have limited impact on the accuracy of the LPF results. If the condition number is too large, a precondition technique can be applied. Centretapped transformers, which is widely used in North American distribution networks, can be split into two single-phase transformer windings in the proposed method.
H. DISTRIBUTED GENERATORS
This paper mainly discusses three-phase DGs. Because DGs have a symmetrical configuration, three-phase DGs have a balanced voltage lagging behind the impedance, as shown in Fig.9 . To model DGs in a straightforward manner, the balanced internal voltages are taken as variables in power flow analysis. The equations for PQ control-mode DGs can be summarised as
where η 1 P sp + jη 2 Q sp are the complex power injections at internal nodes, η 1 denotes the active power efficiency considering inverter losses, and η 2 denotes the reactive power efficiency considering inverter reactive power consumption.
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The nonlinear equations in (19) can be linearized as follows:
Herein, the left side of (20) can be substituted with (5) and (6) .
If the DGs can provide voltage control, the power flow equations of (19) are converted to
where U sp is the specified voltage magnitude of the DGs, Re represents the real part of the complex number.
III. DISTRIBUED SLACK BUS
With deep penetration of DGs, ADNs can operate with island status. A distributed slack bus model is of fundamental importance when considering LPF under island state [23] . Considering the total injection power of DGs at each bus, the slack bus active power injection equations can be expressed by
where Re represents the real part of the complex number, P g,k0 is an initial guess of the DGs' total active power, γ k is a weighting participation factor for each generator, k g is a scalar variable to be calculated, and one bus may have one-phase, two-phase, or three-phase nodes. To ensure power flow solvability, the reference phase angle should be specified. The balanced constraints for the reference bus are
where θ 0 is the specified angle.
IV. CASE STUDY
The proposed three-phase LPF was implemented on balanced distribution network and modified unbalanced test feeders with DGs. All computations were conducted using MATLAB on an Intel (R) Core (TM) E5-2630 central processing unit (CPU) at 2.2 GHz with 128 GB RAM.
A. COMPARISON BETWEEN PROPOSED LPF AND EXISTING METHODS FOR BALANCED WEAKLY MESHED DISTRIBUTION NETWORK
The existing linear power flow under a polar coordinate system is mainly designed for a balanced network. To compare the accuracy of the existing linear power flow and the proposed method, balanced 33 [25] , 70 [26] , 84 [27] , 119 [28] , 874-node [29] distribution networks were used. [24, method 1] , [18, method 2] , and the proposed method are implemented. Figure 10 illustrates the voltage magnitude results with different methods. It can be seen that the proposed method is better than method 1 and 2 for a balanced 33-node distribution network. More numerical experiments were implemented to validate the proposed method for larger distribution networks. The root-mean-squared (RMS) errors of a solution e = n i=1 x i − x * i 2 /n were applied to investigate the performance of the different methods. Herein, n is the number of variables, x represents the voltage magnitude and phase angle obtained from linear network constraints, and x * i is the true value. In Table 1 , e proposed , e 1 , e 2 denote the RMS errors of the proposed method, method 1, and method 2, respectively. Case names including "Loop" denote a weakly meshed network and case names including "Radial" denote a radial network.
The results shown in Table 1 show that the proposed method had the best performance, and its performance was better for a weakly meshed network than for a radial distribution network. Additionally, the original methods 1 and 2 do not consider the multi slack bus problem. The proposed method uses θ i − θ j − θ ij,0 ≈ 0 instead of θ i − θ j ≈ 0 to cope with a multi slack bus. The initial voltage angle can be obtained with linear network constraints YU = 0. Herein, the slack bus voltages are included in U . 
B. THREE-PHASE LINEAR POWER FLOW WITHOUT DG
IEEE test feeders were utilized to compare the accuracy of different methods [30] . Method 1 represents the algorithm described in [14] , while method 2 represents the algorithm in [19] . The floating point issue observed in test feeders due to Delta connections is handled by fixing one node voltage of the floating network to the normal voltage magnitude and angle, which means this node is a voltage source providing a reference for the floating network. The results in Table 2 show that method 2 is less accurate than method 1 and the proposed method. The best accuracy was found for the proposed method and method 1. However, method 1 cannot cope with voltage controlled nodes under a rectangular coordinate system with nonlinear constraints U 2 re + U 2 im = U 2 sp . Fig.11 . The arrangement of DGs for each case is given in Table 3 . The positive and negative sequence impedance of each three-phase DG is 0.00254 p.u., and the zero sequence impedance of each DG is 0.004 p.u. The specified complex power for the three-phase DG is 0.08+1j * 0.08 p.u, and the base power is 1 MVA. In IEEE 13, 34, 37 and 123, there are various connections of ZIP loads, voltagecontrolled DGs, step voltage regulators, and a range of transformer connections. From the numerical results in Fig.11 , it can be concluded that the proposed LPF method is close to the final power flow results and has good adaptability for ADNs. The proposed LPF can be applied to real-time distribution network management. 
D. IMPACT OF DISTRIBUTED SLACK BUS IN LPF
To assess the impact of a distributed slack bus on LPF, the DG arrangement in the IEEE 13 test case provided in Table II was used. The numerical power flow results for different calculated k g scalar variables are shown in Fig.12 . It can be concluded that the distributed slack bus has a non-negligible impact on LPF results. A distributed slack bus can be dealt with in this LPF method; Moreover, this issue should be considered carefully.
V. CONCLUSION
It is difficult to conclude which of the existing LPF methods, including the one proposed in this paper, performs best, as this depends on network parameters and, hence, requires further study. An optimized data driven three-phase LPF method for practical distribution will be presented in the future. The proposed three-phase LPF is more adaptable and provides acceptable results compared with existing three-phase linear power flow, which guarantees its application in practice.
